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Abstract 

Assume || • || is a norm on R n and || • ||* its dual. In this paper we 
consider the closed ball T := Bii.u (0, r), r > 0. Suppose ip is an Orlicz 
function and ip its conjugate, we prove that for arbitrary A, B > 
and for each Lipschitz function / on T the following inequality holds 

sup \f(s) - f(t)\ ^ 6AB( f ^(^-^)e n ~ l de + 

s,t£T Jo Ae 

+ W(M)lX ¥, ^ l|V/WII * ) ' i " ) ' 

where | • | is the standard Lebesgue measure on W l . This is a strength- 
ening of the Sobolev inequality obtained in the proof of Theorem 5.1 
by M. Talagrand [9j. We use the inequality to state for a given 
concave, strictly increasing function ry : M + — > M, with r/(0) = 0, the 
necessary and sufficient condition on ip so that each separable process 
X(t), t € T which satisfies 

\\X(s)-X(t)\\ ip ^r,(\\s-t\\), for s,teT 

is a.s. sample bounded. 
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1 Introduction 



Let || • || be a norm on MJ 1 . We denote by B\\.\\(x, r) the closed ball with the 
center at x and the radius r with respect to the metric given by || • ||, i.e. 

(x, r) := {y G M™ : ||a; — y\\ < r}. 

Let (•,■) be the canonical scalar product (that is (u,v) := YH=i u i v ii f° r 
11,1)6 W 1 ) and || • ||* the dual norm, i.e. 

IMI* := sup \{u, v)\, for v 6 R n . 

U6B||.||(0,1) 

In this paper we consider the closed ball T := Si|.|i(0,r), r > 0. 

We say that <p : K + — > R is an Orlicz function if it is convex, strictly 
increasing, </?(0) = and also lim x -+ <p(x) / x = 0, lim^oo <p(x)/x = oo. For 
each Orlicz function ip we define its conjugate 

ip(x) := sup(x?/ — ip(y)), for x ^ 0. 

This ip is also an Orlicz function. Moreover, it is well known that (p is the 
conjugate function for ip, namely <p(x) = sup y ^ Q (xy —ip(y))- The definition 
implies the Young inequality 

xy ^ ip(x) + ip(y), for x, y ^ 0. (1) 

From now on we assume that ip, ip are conjugate Orlicz functions. 

In the paper we prove the following Sobolev type inequality and give its 
applications to the theory of stochastic processes. 

Theorem 1 For each A, B > and for each Lipschitz function f onT the 
following inequality holds 

sup \f(s) - f(t)\ < QAB( f ^^—) £ ^de + 
s,ter Jo Ae n 1 

+ «o^/ r ^l |v/( " )Wd " ) ' 

where | • | is the standard Lebesgue measure on MJ 1 . 

The above inequality is a generalization of Talagrand's result, who obtained 
such inequality in the proof of Theorem 5.1, [9] when \\s— 1\\ = sup™ =1 |s — U\. 
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Since for each s,t G M. n we have s G B\\.\\(t, \\s — t\\), the above theorem 
implies some regularity on /. Namely, for (p(x) = x p /p, p > n we obtain 
the following classical result (which can be deduced from Lemma 7.16 in [7] 
by using Holder inequality). 

Corollary 1 Suppose p > n, then for each Lipschitz function f on R n the 
following inequality holds 

sup l ^M ^ 7Z^^T^ P (f IIV/MIIM 1 *. 
s,teR" \\s— 1\\ p { n \B\\.\\{0, 1)1) 7 JR n 

Proof. The conjugate function for <f(x) = x p /p is ip(x) = where 
1/p + 1/q = 1. Due to Theorem [T] for each A, 5 > we have 
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|/(.s) -/f-/)| <GAD( I q- 1 ( J ^z- 1 ) q e n - 1 de + 



o 



+ „.o In fu / p- 1 (4l|V/(«)||0 , 'd«), 
n I^IM|l u > 1)1 .AB||.||(t,||s-t||) B 



We take 



Is-tll i 



A={ e^-Vde)^, B = ( / (||V/( W )||,)^)^. 

Vo n|-B|H|(0,l)| yun 

Consequently (T = S||.||(0, r)) 

- /(t)| < 6AB = ( I ||V/(T*)||?d«) 1 /P 

It completes the proof. 

■ 

Another immediate consequence of Theorem [1] is the sufficient condition for 
embedding of the Sobolev space W ,<P (T) into L^iT). 

Corollary 2 If for some A > we have J Q r ^( Ae n-i )£ n ~ l de < oo then the 
space Wl' v {T) embeds into L^iT). 

The result can be deduced from the part II of Theorem 1.1. in the paper 
by A. Cianchi [3]. 

To explain applications to stochastic processes we need some definitions. 
Let (K, d) be a compact metric space. Denote by %$(K) the space of Borel 
bounded functions on K, by C(K) the Banach space of continuous functions 
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on K, with sup- norm and by Lip(K) the space of Lipschitz functions on T 
with the norm 

s ^t a[s,t) 

where D(K) := sup{d(s,t) : s,t e K} (the diameter of K). Let V{K) 
be the set of all Borel probability measures on K. For each v e V(K), 
f E*B(K) and A e B{K) (with v(A) > 0) we denote 

jj{u)v{du) := Jj{u)u{du). 

Suppose X is a random variable, we define the Luxemburg norm U-X"!^ := 
inf{c > : ~E(p(— ) ^ 1}. For a fixed probability space the Banach space 
L v consists of all random variables for which H^H^ < oo. 

In this paper we consider only separable processes (for the definition see 
Introduction in the book by Ledoux-Talagrand [Sj). For each separable 
X(t), t 6 K we have the following equality 

E sup \X(s) - X(t)\ = sup E sup \X(s) - X(t)\, (2) 

s,teK FcK s,teF 

where the supremum is taken over all finite subsets of K. Let us impose the 
Lipschitz condition on increments of our processes, that is for each X(t), 
t e K we assume that 

„ AX(s) -X(t)\ s 

sup — ^ 3 

This condition can be rewritten in terms of Luxemburg norms 

\\X(s)-X(t)\\ ip ^d(s,t), for s,teK. 

In the theory of stochastic processes a lot of effort has been put in finding 
criteria for boundedness or continuity of stochastic processes. In most of 
the cases they are of the following Kolmogorov type: some assumptions on 
the Orlicz function if and the metric space (K, d) are given so that for each 
separable process X on K the condition © implies that X is bounded a.s. 

It is not difficult to prove that under the same assumptions on ip and K the 
two conditions are equivalent: 
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1. each separable process X(t),t G K which satisfies <^ is a.s. bounded. 

2. there exists a universal constant S < oo such that for each process X 
the condition implies 



The minimal constant S is denoted by S(K, d, (p). For a proof of this state- 
ment we refer to M. Talagrand [9], Theorem 2.3. 

Remark 1 In terms of absolutely summing operators each of the above im- 
plications is equivalent to the fact that the injection operator J : Lip (if) — > 
C(K) is {if, 1) absolutely summing, in the sense of P. Assouad, see |IJ/. 

By far the strongest criteria for finiteness of S(K, d, (p) were obtained using 
the concept of majorizing measures which was introduced by X. Frenique 
in early 70. It served him and M. Talagrand to characterize bounded Gaus- 
sian processes. To explain briefly the concept we introduce the following 
definitions. 

For t G K and e ^ 0, we denote by B(t,e), S(t,e) respectively the closed 
ball and the sphere with the center at x and the radius e with respect to 
the metric d, i.e. 

B(t,e) := {s G K : d(s,t) ^ e}, S(t,e) := {s G K : d(s,t) = e}. 

We say that m G V(K) is a majorizing measure (with respect to (p and d) 



X. Fernique [5], [6] proved that if p has the exponential growth then the 
existence of a majorizing measure is the necessary and sufficient condition 
for the quantity S(K , d, (p) to be finite. Generalizing results of Fernique, 
Talagrand and others, the author [2] succeeded in proving that for each 
Orlicz function ip the existence of a majorizing measure is always the suffi- 
cient condition for S(K , d, ip) < oo. However, as it will be seen in the next 
chapters, the existence of a majorizing measure is not always necessary for 
finiteness of S(K, d, <p). So it is still the open problem to characterize (K, d) 
and p for which all processes satisfying (j3J) are a.s. sample bounded. 



E sup \X(s)-X(t)\ ^ S. 



(4) 



s,teK 



if 




)de < oo. 
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This problem was studied in depth by M. Talagrand, [0]. He managed to 
find such a characterization of (p, (K, d) in two particular, but important 
for applications, cases. Namely when d is the Euclidean distance on MJ 1 and 
K is a ball in M. n and the other case when K = [—1,1] and the distance 
d is given by d(x,y) = rj(\x — y\) where 77 is a concave, strictly increasing 
function with 77(0) = 0. Generalizing his ideas and using Theorem [T] we find 
the characterization in the case when K = T = B\u\(0,r) and d(x,y) = 
f](\\x — y\ ||) (77 is concave, strictly increasing, with 77(0) = 0). 

By the definition B(t,e) = B\\.\\ (t, r/ _1 (e)) n T. Let A be a normalized 
Lebesgue measure on T, that is A (A) — O, for each A 6 £>(T), where | ■ | is 

the standard Lebesgue measure on R n . Note that X(B(t,e)) ^ and 
\(B(t,e)) = ^ifB H (t 1 r ] -\e))cT. 

The function r)(y)/y is positive and decreasing. We assume that r/(0) = 
00 (the case of finite derivative will be considered later). Following M. 
Talagrand [§] (Theorem 5.2) we introduce a sequence (r k ) k ^ . Let r = r/(r), 
for fc ^ we define 

r k+1 := ini{e ^ : r k ^ 2e or — — - ^ 2 — 7^^}. 

The sequence (r k ) k ^ decreases to 0, since r k +i ^ y. The assumption 
77' (0) = 00 guarantees that r k > 0. There are two possibilities 

O r k+l r k 

r k = 2r k+1 or -— = 2 — - 

Denote by J the set of k ^ for which the first possibility holds, and the 
rest by J. Let us notice that necessarily 

2r k+1 ^r k , (5) 
V i r k) V {rk+i) 

For k ^ we define <S*. as a number which satisfies the equation 
r * A(£(0,e)) e r* TTHgT r"e 



If 77'(0) < 00, then there exists m ^ such that r m > and r m+ i = 0. That 
means 

—^-r ^ 2 ^ r , for < e < r m . 



?7 x (r m ) 77 1 (e) 77 \r 



We define S m as the infimum over c > such that 

A(£(0,e)) ,, e [ r ™ rf^T r n e 

cA(.d(0,£J) Jo r n £ C77 i (e'™ 
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For simplicity we define also S k := 0, for k > m (in this case). 
Let us state the main result of the paper. 

Theorem 2 The following inequality holds 



K- 1 S(T, d, V )^Kj2 Sk, 



(6) 




where the constant K depends only on n. 

In fact we show that ^2 k>Q S k ^ 3(n + 2)S(T,d,ip) and S(T,d,(p) ^ (a + 
bn 2 ) J2k^o for k ^ 0, where a, 6 are universal constants. 

Corollary 3 Let <p(x) = x p /p, p > 1 and n(x) = x a ; < a ^ 1. Taen 
5(T, d, <f) < oo z/ and on/?/ if n < pa. 

In the case of T = 5|i.n(0, 1) and d(s,t) — \\s — t\\ (that is r/(x) = x) we 
have m = in the above construction. Thus S(T, d, if) is comparable with 
«Sq, where S is such that 



up to a constant which depends only on n. When d is the Euclidean distance 
this corollary was proved by M. Talagrand (Theorem 5.1, [§]). 
In the case of T = [—1,1], 7/(0) = oo it can be observed that for some 
universal C > 




1 



) < S k ^ Cr k <p-\ 



1 



), for k ^ 0. 



7/ 



7) 



Consequently S(T, d, <p) is comparable with ^ fc j> 1 ( ?? -i 1 ( r . fc ) )- The result 
was obtained by M. Talagrand (Theorem 5.2, [9]). 



2 Preliminary results 



We remind that (p, ip are conjugate Orlicz functions. 




2ip{x) 



x 



), for x ^ 0. 



), for x ^ 0; 



(7) 



x 



In the symmetric version we can write 



x ^ <p {x)ip (x) ^ 2x, forx ^ 0. 
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Proof. Fix x ^ 0. By the Young inequality we obtain 

,/ x 2^(x) , Mix). 

X X 

Hence ip(x) ^ y>( 2 ^^ ). To prove the right-hand side of (JZJ) let us notice 
that since </?(x) = sup y j> (xy — if>(y)), we have for some y ^ 

^ — = y TO- 

a; x 

It remains to prove that 

1/^-^)^(4 (8) 
If x ^ y, then the convexity of ip gives ^ ^(j/)- If x > y, then 



^ It yields (jSJ), consequently 



<p(— — ) < TO < v(— — )• 

It completes the proof. 

■ 

Lemma 2 Functions ip, ip have following properties: 

1. functions xtp (1 /x) , xip(l/x) are convex, decreasing; 

2. functions xip~ 1 (l/x) , xip~ x {l/x) are concave, increasing. 

Proof. It is enough to prove the result for (p. By the definition (p(x) = 
swp y>Q (yx — if)(y)), so xip(l/x) = sup y ^ (y — xip{y)). The supremum of 
convex functions is a convex function, the supremum of decreasing functions 
is a decreasing function. 

Similarly we observe that (f~ 1 (x) = inf y ^o x+ ^ y "> . Hence xp~ l {l/x) = 
inf y ^o jdjgpg) _ The infimum of concave functions is a concave function, 
the infimum of increasing functions is an increasing function. 
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3 Proof of Theorem U 



Proof of Theorem 1. Fix points t = (tj)™ =1 , s = (s«)" =1 G T. Let g be a 
smooth function on M. n . We define F t : T x [0, r] — > T by the formula 



F t (u,e) = (l-^)t + ~u. 



We have 

" d 



g{u)du = J — (J^g(F t (u,e))e n du)de. (9) 
It can be easily verified that 

— g{F t (u, e)) = r- 1 ^(^-^—^(u, e)) = e" 1 ^(^-^—^(u, e)). 

8=1 ' 1=1 

Hence the following equation holds 

= ne n - l g{F t (u, e)) + e n ~ l - ti )—g(F t (u, e)), 

i=l * 

which yields 

^(9(F t (u,e))e n ) = e n ~ l -^{9{Ft{u-, e))(ui - ^)). 

i=l 

Applying the generalized Green-Gauss theorem (see Theorem 4.5.6 in [I]) 
which holds for Lipschitz boundaries, we get 



/ f2^(9(F t (u,e))(u i -t i ))du= [ g(F t (u, 

JT ~l ° u i JdT 



e))(u — t, n(u))aor(du) 



where oqt is the Lebesgue measure on the manifold dT, and n(u) the normal 
vector to the boundary in u G dT, such that (n(u),n(u)) = 1 (n(u) is well 
defined crgr-a.s.). Let us notice that the convexity of T yields (u — t, n{u)) ^ 
0. Denoting a t {u) := (u — t,n(u))adT(du), we obtain due to @ 



r n g( u )du= / p(F t (u,e))e n -Vi(du)de. 

JT Jo JdT 

By the standard approximation this equality can be easily generalized to 
any Borel, bounded function g on T. We verify also that n\T\ = a t (dT) 
(consider g = 1), consequently for each g G 03 (T) 



V-/ (/(u)du= / ■/ y(F t («,£))£ n -V t (dw)&. (10) 
Jt Jo JdT 
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We define dF t : dT x [0, 1] -> T by dF t = F t \dT x [0, 1]. The equation fTTUTi 
implies 

\A\/\T\ = a t ®d(e/r) n ((dF t )-\A)), for A e B(T). (11) 
Let a t : [0, r] — > K denotes 



a t (e):=4 f{F t (u,e))a t {du) = 4 f((l--)t + -u)a t (du). 

'dT JdT 



Clearly a t satisfies Lipschitz condition (because / does) and 



Ot(0) = /(t), at(r) = -/ f(u)a t (du). 

JdT 

Since / is Lipschitz, there exists bounded V/, | • |-a.s. on T. We check that 
if / is differentiable in F t (u,e) then 

-^-f(F t (u,e)) = r- 1 (Vf(F t (u,e)),u-t). 

By the Fubini theorem and (llip we have that f(F t ) is differentiable (fe-a.s. 
for a t (du)-almost all w G <9T. Consequently cfe-a.s. there holds 

4(e) = r" 1 J (Vf(F t (u,e)),u-t)a t {du). 

JdT 

We have 

WM = r- 1 ] 4 (Vf{F t (u,e)),u-t)a t (du)\ < 

JdT 

x 4 \\u-t\\\\Vf(F t (u,e))\\Mdu). 

JdT 

Clearly \\u — t\\ ^ 2r. Observe that b t : [0, r] — > K is efe-a.s. well defined by 
the formula 

b t (e):=4 \\Vf(F t (u,e))\\Mdu). 



JdT 

Hence |aj(e)| ^ 2b t (e), cfe-a.s. By the Jensen inequality and (ITU]) for each 
B > we obtain 

^(I^s))^- 1 ^ <; J r ^hvfiF^eM^deatidu) = 

a JdT Jo a 



n 



- l r n j T ^\\Vf(u)\l)du. 
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The Young inequality ((Tj) gives 

btie) , / 1 \ , 1 , , N , 
Aj£i<«A^i) +«■&><■'))■ 

Since a t is Lipschitz we get 



\f(t)-4 f(u)a t (u)\ = \a t (0)-a t (r)\ 
far 



pr 

o! t {e)de\ < 2 / 6t(e)tfe. 
/o 



Thus 



1/(0--/ /(u)<7 t («)|< 

Jar 

^2A5(^ r ^(^) £ "-^ + n-V"^(i||V/(n)||,)^). (12) 

Again due to the generalized Green- Gauss theorem (this version holds for 
Lipschitz functions and Lipschitz boundaries) we obtain 

f(u)a t (du) - 4 f(u)cr s (du) \ = 
or Jar 

f(u)(s -t,n(u))cr dT (du)\ 

8T 



n\T\ 
-ii 



n 



-I (Vf{u),s-t)du\ < 2m- 1 J \\Vf{u)\\Ju. 
Jt Jt 



By the Young inequality and since yip(l/y) is decreasing we obtain 

J ^#^(l^r) + ^IIV/Mll.)< 

1 , e n - 1 . , 1 



It follows that 



<"/ ^(^)— ^ + ^IIV/( W )||,). 



-/ f{u)a t {du)-4 f(u)a s (du)\^ 

JdT JdT 



< 2AB( jf V>(— Lj^de + n-V" ¥>(i||V/(u)||.)du). (13) 



By the definition |T| = |S(0,r)| = r n |5| M |(0, 1)|. Inequalities flE}, (03 
yield 



i/w-7 /o 

JdT 



\m-f(t)\^\f(t)-4 f(u)a t (u)\ + 



+\4 f( u )a t (du)-4 f( u )a s (du)\ + \f(s)-4 f(u)a s (u)\^ 

JdT JdT JdT 

< R AB(jT*(^)^'* + 5I5 -J ip5I / T ^l|V/(«)||.)4.). 
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Remark 2 Let gqt be the Lebesgue measure on the manifold dT and n(u) 
the normal vector to the boundary in u G dT such that (n(u),n(u)) = 1 
(n{u) is well defined agr-a.s.). For each t G T and measure at(du) = 
(u — t,n(u))<Tar(du) the equality a t {dT) — n\T\ — nr n \B\\.\\(fd, 1)| holds. 

Corollary 4 For each t G T there holds 

f( U )du\ 5= 6AB( [ <fi( j±-;)E"- 1 dE + 

Proof. This observation is obvious. Theorem [T] yields 

\f(t) - /M| « 6AB(r,H J ^ l )E"- 1 de + 

/^ ( 5 ||V/W|| « )du) ' 

Integrating both parts and using \f(t) — -f T f(u)du\ ^ -f T \f(t) — f{u)\du we 
obtain the corollary. 




4 Construction of the optimal process 

We assume that 7/(0) = oo. In this section we prove the left-hand side of 
in Theorem [21 

Proof of the left-hand side of fl(J]). We define a stochastic process on a 
probability space (T, B(T), A) by the formula 

rd(uj,t) 

X(t, to) : = / g{e)de, for t E T,lu e T, 

Jd(uj,0) 

where g(e) is a positive function, integrable on each interval [S, T]{r)], 5 > 
and such that g(e) = 0, for e > T](r). Let us notice that the process X is 
separable. Suppose we have shown that 



d(s,t) J T d(s,t) 

then the process X(t), t G T satisfies the condition (JS]). Since 

X(c<j,c<j) = — / g(e)de, X( — - — - — = / g{s)de 

JO IMI id(o;,0) 
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we have sup st6T \X(s, uj) — X(t, u)\ = g(e)de. Due to the definition of 
S(T, d, if) it proves that 



g(e)d(e) ^ E sup \X(s)-X(t)\ < S(T,d,<p). (14) 
Jo s,teT 

The convexity of <p, <^(0) = and the Jensen inequality imply 

rd(t,ui) 

A g{e)de)\{du) ^ 

«1<S, tj Jd(s,w) 



^ . ]d( a ,a;)-d(f,a;)l ^'^ 



^ / jT77\ I 7 ¥>(0(e))de|A(du;) 



1 



d(s, t) 

The Fubini theorem yields 



J d(s,ui) 

d(t,u>) 

ip(g(e))de\X(du). 

T Jd{s,ui) 




d(t,w) p(r) 

cp(g(e))de\X(du;) = / <p(g(e))\(B(s,e)AB(t,e))de, 



IT Jd(s,ui) JO 

where A is the symmetric set difference. Observe that if d(s, t) ^ e, then 

\(B(s, e)AB(t, e)) ^ \(B(s, e)) + \(B(t, e)) < 2^-^. 
From the other hand if e ^ d(s, t), then 



and thus 



|5( a ,e)A5(f,e)l < _ (^(e) - - t||)" < 



15(0,17(0)1 



^ n || s — 

7 

Hence, for e > d(s,f) we have A(S(s,e)AS(t,e)) < n\\s - t\\ TJ ^£^. Con- 
sequently if d(s,t) ^ ?7(r) then 

.|X( S ,c)-X(t,c)l . . 2 /■■*■> ^(e)" 



/• \X(s,u) - X(t,u)\ s , 2 n (r >r]- L (e) n , , , 

2 r 

^(O 7o 



< / !L -f L V^))& (15) 
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and if d(s,t) ^ f](r), then 

n X(s,cu) — X(t,to)\ 2 rf\e) n , , ... 

Us — ill t?- 1 ^")"- 1 

+ yi"^ fW£))t <i6) 

The construction of # is as follows 

g(e):=K~ l ^-ipi g _„ ,J , for r fe+1 < £ «C r fc , 

where the constant if ^ 1 we choose later. From the convexity of <p and 
Lemma [Q we deduce 

p(0(e)) < K-^ s ^ ), for r fc+1 < e < r fc , A; > 0. (17) 

We show that the process X satisfies the condition (jHJ) for such g. 

First we assume that d(s,t) ^ 77(7*) = r . Hence there exists m such that 

r m+ i < d(s,t) ^ r m . Consider k > m, the definition of <Sfc and (TlTl) yield 

pr k n -l( F \n rr k -If \n r n p 

i rfc+1 r" y rfc+i r-e <S fc r/ 1(e)" 

Similarly we obtain 

fd(s,i) n ~l( F )n 

/ r LAJ_^ g{£))d£ ^ K -i dM . 

Since (JSJ) gives 2r fc+1 ^ r fc , it is clear that r fc ^ 2~ k+m+1 d(s, t), for k > m. 
Applying the above inequalities, we get 

pd(s,t) -If \n 

/ !LJ^ ip{g{£))d£< 2K- 1 (l + J2^ k+m+1 ) = QK- 1 . (18) 
Jo r 



d(s,t) Jo 



It remains to find the estimation for the second integral in (fl6l) . Consider 
^ k < m. By f fl7|) . the definition of <S& and since ?7 _1 (y)/y is increasing, 
we have 



r}-\r k+1 ) J rk+1 r n e yy S kV -i(e) n ' 
= nK-i-^- (19) 
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In the same way, we prove 



n 1 y > <p(g(e))de < nr 1 ^. 20 



Let us notice that ([5]) gives 



d(s,t) 77 ^rfc+i) 
Inequalities (IT9l) and (120]) imply 



S t|[ rfc+1 <2- m+fe+1 , forO^A;<m. 



Is — til r {r) r/- 1 ^)™- 1 



d(s,t) 7 d ( Sit ) r r 

m— 1 

< n^ 1 (l + ^2- m+fe+1 ) ^ 3nK-\ (21) 

fc=0 

If we plug estimations (ITS]) . (|2"T]) into (ITU]) , we obtain 



\X(s)-X(t)\ s 



The second case is when d(s,t) ^ r/(r). We use (ITS]) to get 
2 r (r) rr 1 ! 



/■WJ 71 ~ 1 (F) n 
JO r 



T)(r) 

The above inequality and (ITS"]) imply 

Ey( |X(s) ~f (t)l ) < < 3^(2 + n). 

Therefore for ([SJ we need that X := 3(2 + n). 

By the definition of g and numbers S k it is clear that for all k ^ we have 
J^ +I g(e)de = K-*S k . Consequently (HI gives C°=cA < KS(T,d,tp). 
The theorem is proved with the constant X = 3(2 + n). 



5 Some basic tools 

Before we prove the right-hand side of ([6]) we establish some helpful results. 
We start from proving a fact which allows us to consider processes with 
finite number of different Lipschitz paths. 
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Lemma 3 Fix any point to G T. Let F C T be a finite set. For each process 
X(t), t G T which satisfies the condition (C2P there exists a sequence of 
processes (Yk)k^i which satisfy have finite number of different Lipschitz 
trajectories and such that 

lim Y k {t) =X{t)- X(to), a.s. and in L u fort G F. (22) 

In particular implies 

lim E sup \Y k (s) - Y k (t)\ = E sup \X(s) - X(t)\. 

k ^°° s ,teF s,teF 

Proof. A process X(t), t G T is denned on a probability space (fi,jF, P). 
Denote Y(t) := X(t) — X(to)- It is clear that Y(t), t G T satisfies condition 
([3]) and moreover ^(i)^ ^ d(t,t ), what implies E|F(t)| < oo, for t G T. 

First we assume that T is a finite cx-algebra. Due to we have 

\Y(s,uj) - Y{t,uj)\ ^ d(s,t)ip-\l/P(A)), for s,t G T, u G A, 

where A is an atom in T . Hence the process Y has P-a.s. finite number of 
different Lipschitz trajectories. 

In the general case we use the fact that F is a finite set. There exists 
an increasing sequence of finite cx-algebras [Tk) k ^\ which sum generates 
cr(Y(t) : t G F). Notice that E\Y(t)\ < oo, for t G T (since ||F(t)||^ < oo), 
thus we can define Y^{t) := E(F(t)|jF fe ), t G T. By the Jensen inequality 
we get 

( \Ms)-Y^t)i TO-y(g| 

The process 1^ satisfies ([3]), hence P-a.s. it has finite number of different 
Lipschitz trajectories. Modifying Y k on the set of measure we may assume 
that Y k has finite number of different Lipschitz trajectories. Clearly Y k (t) — > 
Y(t) P-a.s., for t G F. Since E|F(t)| < oo, the convergence is also in L\. 

■ 

Next step is to prove some approximation on numbers S k . 

Lemma 4 There holds: 

1 2r n 



,11 



Sk ^ rk+1 ^ \-\r k+1 )^ f ° rkEL 
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Proof. Due to (JHJ) we know that r k — r k+ i ^ \r k . Lemma [5] follows that 
yip{l/y) is decreasing. Thus, for k ^ we have 



- fc+1 r^e YK S kV ^(e) 
^ (r fc - r k+1 )— — — ^(tt— tt-tt) ^ „ m 



r n r fe S fc r? ^r^)" " 2r n S k rj~ l {r k ) n 
That means 

,-1/ 2r w r n r fc 
V 1 ^*)" ' S k rr\r k y 
By Lemma [H (that is by the inequality ip~ 1 (y)ip~ 1 (y) ^ 2y) we obtain 

1 _i, 2r n . 
4 1 (r J fc) n 

We prove the second inequality. Since yip{l/y) is decreasing and r k — r k+ i 
rk+i, for k G /, then 



Hence 



^-H^fe+i) 71 <S fe ry- 1 (r fe+1 )"' 
Again, using Lemma [H (the inequality y ^ <f~ 1 (y)ip~ 1 (y)), we get 



'»T 1 ( r fc+i) n ' 



Let us remind that A is the normalized Lebesgue measure on T. For < 
e ^ T)(r), we denote 

B £ (t) := - := - £^)t,e). 

Observe that fl e (i) = £||.||((1 - !L ^ M )t, ^ 1 (^)) C T, hence A(£ e (t)) = 
3=^. For each / G C(T) we define f £ (t) := ^ f(u)X(du). 

Let us assume that < e ^ r^(r). We denote by a tjE the Lebesgue measure 
on the manifold S e (t). For each e 6 R" we define 

Al := {u E S £ (t) : (e,n(u))>0h 
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where n(u) is the normal vector in u G S £ (t), such that (n(u),n(u)) = 1 
(n(u) is well defined o"i i£ -a.s.). Observe that for e G W 1 and / G C(T) 

lim — / f{u)du = lim — / f(u)du = 

h->+0 h J B e (t+he)\B e (t) h-*+0 h J B e (t)\B e (t-he) 



(1-2-^) / /(,/)(,. /,(h)K,(,/„). (23) 

I A? 



r 



■t,e 



Let of E denotes the positive measure on given by the formula of (efat) : = 
(e,n(u))a tje (du). Notice that if / G Lip(T), then there exists V/, | • |-a.s. 

Lemma 5 Fix < e ^ ?7(r). For eac/i e G W 1 , ||e|| = 1 and / G Lip(T) 
£/ie following equality holds \ ■ \ -a.s. on T 

(V/.(f), e) = (1 - ^Me) 4 4 f -^^ at4du)a-;(dv), 

r J AS, J ATI Zr > \ £ > 



where (3(e) ^ n. 

Proof. First we assume h > 0. Observe that 

f e {t + /ie) - / 6 (t) = 4 f(u)X(du) - 4 f(u)X(du) = 

JB £ (t+he) JB e (t) 

= TWm(f f(u)du- [ f(u)du). (24) 

\ n e{t)\ J B e {t+he)\B e (t) J B E (t)\B e (t+he) 

By (1231) we obtain 

lim \ [ f{u)du = (1 - / /(Ti)o^(d«). (25) 

ft->+0 Ai J B £ {t+he)\B s (t) r J A^ e 

Let us define /3(e) by the following formula 

2?r 1 ( £ K £ (A f g 2f r 1 (e)/ Age (e,n( M )) r t , e (d M ) 
^ ej ' \B £ (t)\ \B £ (t)\ 

The homogeneity and symmetry imply 

/ Ae {re,n(u))ao,r,(r){du) / A — (-re,n(u))a oMr) (du) 

pt( p \ _ 0,i?(r) |_ 0,??(r) 

PU ~ |B, W (0)| " |S„ (r) (0)| 

Due to Remark El for each t G S ?? ( r )(0) = B(0, r)(r)) we have 

(u - t,n(u))a 0tV ( r )(du) = n|5||.||(0,r)| = n\B v ^(0)\. 
18 



Applying this equality for t = —re, t = re and t = 0, we get 

f A e (u + re,n(u))a 0>v ^(du) 

0(e) = ^ h 

P[) \B v{r) (0)\ 

j A -e (u - re,n(u))a 0tr] (r){du) f Ae (u,n(u))a 0Mr) (du) 

| 0,7}(r) 0,r/(r) 



\B v(r) (0)\ \B ri(r) (0)\ 

j A -e (u,n(u))a 0iV ( r )(du) 

^ (n + n — n) = n. 



|S,(r)(0)| 

We have used here the fact that o-o,7 ? (r)(5 , r,(r)(0)\(A^ (r) U A~^ (r) )) = 0. 
Observe that by 



<i T [ f(u)X(du) = (1 - l^i) / f(u)a^(du). (26) 

* B E (t)\B E (t+he) r JA~I 



h 



Moreover /3(e) = /?(— e), hence applying ( 1241) . ( 1251) and ( |26|) we obtain 
lim i(/.(t + /*)-/.(*)) = 

r Jai e Ja-i [.£) 

The case of h < can be treated in the similar way. 



6 The estimation from above 

We assume that rj'(0) = oo. In this section we prove the right-hand side of 
([6]) in Theorem [2j 

Proof of the right-hand side of ([6]). Denote B k (x) := B rk (x), for x E T. 

Let us notice that 

X(B h (x)) = X(B n (x)) = V ^l^ , for x E T. (27) 
For each k ^ we define a linear operator S k : C(T) — > C{T) by the formula 

Skf{x) := f rk (x) = 4 f(u)X(du), for xET. 

JB k {x) 

If /, g E C(T), k ^ 0, then such properties can be easily derived: 
1. S k l = 1; 
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2. if / ^ g, then S k f < 5^ and so \S k f \ S^]/]; 

3- So/ = f T f(u)X(du) hence SfcS'o/ = 5 /; 

4. linifc^oo ^/(x) = /(x). 

Observe that if / G Lip(T), then S^/ is also Lipschitz and thus differentiate 
| • |-a.s. Fix m > 0. For ^ k < m, we define operators Tfc : C(T) — > 

C(T). We put L m = /<i, i? m = Id and for /c < m 



Denote also T k :— L k S k R k , for ^ k ^ m. Properties of S k imply 
corresponding properties of operators L k ,R k ,T k . For ^ k ^ m and 
f,g e C(T), we have: 

1. L k l = 1, and if / ^ then L fc / ^ L fe #; 

2. if / G Lip(T), then i? fc / is | • |-a.s. differentiable on T; 

3. the function T f is constant; 



4. there holds \T m f(t)-T f(t)\ < JX" 1 \T k f(t) - T k+1 f(t)\. 
Fix / G Lip(T) and points s,t G T. We will analyse |T^ +1 /(t) — Tfc/(i)|. 



There are two cases. Either k G / or fc G J. In fact we use two different 
methods. 

Case 1. Fix k G / , k < m. By the definition, we have 



Clearly R k = R k+ \, for k G I. Denote (7 := R k f, it can be easily checked 



L k :— Lfc+xS'fc+i, ; — Rk+i, if k £ I; 
L k := -R/c := 'S'fc+i-Rfc+i, if k G J. 



T k +if(t) — T k f(t) — L k+ iS k+ \{Id — S k )R k+ if(t). 




For each Orlicz function there holds 



x ^ 1 + 



<p(y) 



, for x ^ 0, y > 0. 



Thus 



g(u)-g(v)\ 



^l + \(B k+1 (w))<p( 



g{u)-g{v)\ 
I0r k 



)■ 
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Consequently, for u G B k+ i(w) the inequality holds 



\g(u) - g(v)\ < lOr k( p-\ 1 )(1 + A(5 fc+1 H)^(M^-^)). 
Hence 

|S fc+1 (/rf-5 fe )^H| < 

<10 ^ 1( ^ )(1+ /J B . ( 7 (M ^ )A(<i " )AW) - 

Let us notice that Lemma H] and the equality r k = 2r k+ i yield 
1 _ u r n , 1 2r n . „ 

Take i^i := 80. Using Property 1 of L k+ i, we obtain 
\T k+1 f{t)-T k f{t)\ ^ 

< ^1(1 + / / y( M^M )A(tfe)AW) . ( 28 ) 

Case 2. Fix k £ J, k < m. It is clear that 

Tk+if(t) — T k f{t) = L k+ x{Id — S k )S k+1 R k+1 f(t). 

For k e J, the equality .R^ = Sfc + ii4+i holds. Denote g := -Rfc/, by the 
definition we get 



\(Id- S k )g(w)\ = \g(w) - 4 g{u)du\. 

JB k (w) 

Property 2 of R k gives that g is Lipschitz. Moreover w G B k (w), thus due 
to Corollary HI we obtain the crucial inequality. For any A, B > 



r rv Vk) 1 

\g(w) - 4 g{u)du\ ^ 6AB( / ^^—) £ ^ d e + 

J B k (w) JO Ae 

+ , R \ n 7T1 / V(^||Vy(tt)||.)dti). (29) 



We have used here that B k (w) = S||.||((l — - ^- )w,r]' 1 (r k )). It remains 
to choose 
can take 



to choose constants A and B. For k G J, we have 2 — = — VP^ — r, so we 



77 ^rfe) 77 ^rfc+i) 
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where (3 > we choose later. Finding suitable A is more difficult. First we 
observe that 

»?" 1 ( r 'fc) i rv^^k) i 

AS J2r,- 1 (r k+1 ) Ae 

r2ri- 1 (r k+1 ) i 

+ / ^^y 1 - 1 ^- (so) 



o 



■Ae r 



Replacing e = 3 r ^ k ' e' and applying 2 ^*.^ = T? _ 1 "+ 1 +i) , we get 

*? _1 (>"fc) i /•*•* r n-l -1/ \n 



2r7-l(r fe+1 ) 



Since 77 l (y)/y is increasing, 77 1 {£) n ^ 5 — 7r^-£ n , for r^+i < e ^ r^. Due 

fe 

to Lemma [2] the function yip(l/y) is decreasing, so 

We use different estimation for the second integral in flHUj) . Put e = 2r7 _1 (V), 
there holds 

iOe^tfe = 

r " +1 1 X w x 1 )ff" 1 (e) w "V 1 (e) / de. 

We can assume that ?7 _1 (£:) / is right continuous with left limits. Since t]^ 1 ^) 
is a convex function, the inequality - ^ ^ t]~ 1 (e)' holds. By the convexity 
of ip we get 

^ 2«- 1 ?;- 1 (e)'e Mr 1 ^)" 

Consequently 

p2r 1 - 1 {r k+1 ) n /T fe+ i -1/ y rr 1 ^™ 

/ *<^-'« 2 l ^SFW) 2 -^-*- (32) 

The derivative t^" 1 ^)' can be controlled on the interval [0, r&+i]. Indeed the 
convexity of 7]~ l implies 

e e 
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Using ([5]), we obtain rj 1 (e)' ^ 2 k+2 l V T ^ k \ for r i+ \ ^ e ^ and i > k. 
Plugging this estimation into (!3"2l) . we obtain 

Me™' 1 7 

tk-i 7 ! 

r k Ar]- l {eY J e 



< 2 V T - ^ )^&. (33) 



We define constant A by the formula 

r n r z — / 

where a must satisfy the condition 1 < a < 2. The definition of and the 
convexity of ip give 

" «t'w A ' , < 

r, + , Ar 1 ^)" e 

^( c r _^ B )^-^-cfe<n-V. (34) 

In the same way, for % > k we prove 
Inequalities ff3Dj>, (|5T]h (j33jh (|33|) and (|55j) yield 



; 2 - a 

i>fc 



Denote S£ := S fc + 4£~ fc+1 a*-*5i and K 2 := 60/3. By ([221) w e obtain 
\{Id-S k )g(w)\ < 

2 - a n|S||.|| (0,1)| J Bk(w) 5(3r k+1 

< ^(f^ + ■/ y( ^ (rfc+l) l|Vg(")IU)AW), 

2 - a J T 5/5r fc+ i 
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where we have used the fact that |5||.||(0, 1)| = r n \T\. Property 1 of L k+ i 
implies 

I WW - T k f(t)\ ^ K 2 S f k (l±^ + 4 <p( \^ rk+l) \\VR k f(u)\U)X(du)). 

2- a J T 5f3r k+1 

The last part. Estimations in cases k E I and k G J give 

m— 1 

|T m /(t) -T /(t)| < ^ |?W(t) -T k f(t)\ ^ 

k=0 

E + / ^( ^l (rfc+l) ||Vifr/(i*)||.)A(dt*)). 

Property 3 of operators T k gives that T f is a constant function. Hence 
\S m f(s) - S m f(t)\ = \T m f(s) - T m f(t)\ <: 

+2^ 2 £ ^(|^ + 4 <p K» rk+l) \\VRkf(u)\U)\(du)). (36) 

Let us notice that B k {u) C B(u, 2r k ). We use the above inequality to prove 
that for each process X(t), t G T which satisfies ([3]) the inequality holds 



E sup \X{s) - X(t) \^KJ2 S k, 

where the constant K depends only on n. Due to the remark (J2j) and Lemma 
[3] we can assume that a process X(t), t G T has finite number of different 
Lipschitz trajectories. 

Lemma 6 Let ^ k < m. For each u,v G T , where d(u, v) ^ 2r k , we have 

\R k X(u)-R k X(v)\ 
^ I0r k ' ^ • 

Proof. We denote X k := R k X. If R k = Id, then the condition ([3]) implies 
the lemma. Otherwise there exists N > and a sequence k = k$ < k\ < 
... < fcjv ^ rn such that X k = R k X = S kl S k2 ...S kN X . For simplicity we 
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denote u ko := u, v^ Q :— v. We obtain the following equalities: 

X k {u) = 4 4 ...4 X(u kN )\(du kN )...\(du kl )\ 

J B kl (u kQ ) J B k2 (u kl ) JB kN {u kN _ 1 ) 

x k(v) = 4 4 ... 4 X(v kN )\(dv kN )...\(dv kl ). 

J B kl (u kQ ) J B k2 (v kl ) JB kN (v kN _ 1 ) 

Take u ki+1 G B k .{u ki ) C B(u ki ,2r k .). By the triangle inequality and (jSJ) we 
have 

N-l N-l 

d(u ko , u kN ) < ^ d (uki,Uk i+1 ) < 2 r fei ^ 4r feo , d(v ko ,v kN ) ^ 4r fco . 

i=0 i=0 

That means, for some probability measures ^ with supports respectively 
in B(u,4r k ), B(v,4r k ) the equalities hold 



X k (u) = / X k (v) = / X(z)v v (dz). 

By the assumption d{u,v) ^ 2r^, hence ^ 10r k . The Jensen in- 

equality, the Fubini theorem and ([3]) yield 

\X k (u)-X k ( V )\ 
^ Wr k ' ^ 

J B(u,ir k ) JB(v,4r k ) Ct{W, Z) 



The Auerbach lemma (for the proof see pU] - Lemma 11, II. E.) gives that 
there exists biorthogonal system ((bi,b*)) in the space M n x M. n such that 
= 1, = 1. Consequently for each uel" 

n n 

\\v\U= sup \(v,u)\^ sup V 1^,^)11(6*^)1 ^Vl^^l. (37) 

ueB||.||(0,l) u&B||.||(0,l) i=1 i=1 



Lemma 7 For | • \-almost allt^T the following inequality holds 
77(r^ ^ ^ A , <m;A , Gj) 

where (3 := J^ILi u ' as defined in Lemma\5$). Since Pi ^ n, thus 
(3 ^ n 2 . 
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Proof. We put := RkX. The definition gives that = Sk+\Rk+\X = 
(Xk+i) rk+1 , for k G J. Applying (|37j) and Lemma [5] we obtain that for 
| ■ | -almost alH G T there holds 

^|v^(')IUE;^l<vft tl ).,(^)K 

^mj j i^(«)-x t+l( ,)i 



t,r fc + 1 t>r fc+1 



where credit) = a t * rk+i (du), <r\(dv) = a t>r *(dv). The Jensen inequality 
yields 

*W l|v * (t)lw * 

<t^-/. /. ix t+1 M-x t+1( ,)i 

~ P Ja?* ./at** 10r fc+ i 

1=1 *>Hfc+l '.''fc+l 

Notice that d(u, v) ^ 2r fc+1 for w G A t * r , t> G A^" r * . The Fubini theorem 
and Lemma [6] imply 

e^^i™ii.)<e^ = i- 



By the Fubini theorem, Lemma El Lemma [7] and (I36p we obtain 

Esup \S m X{ 8 )-S m X{t)\^AK 1 V l S fc+1 + 2K 2 (l + ^^) V <S£. 

' k&I,k<m k£j,k<m 

Let us notice that ^2kej k<N ^'k ^ (1 + ^rr) zCfc>o^fc- We have proved that 
for some constant X which depends only n the following inequality holds 

E sup \S m X(s) - S m X(t)\ ^KJ2s k . 
S ^ T k^O 

Since linin^oo S m X(t) — X(t), thus due to the Fatou lemma 

E sup \X(s)-X(t)\ < liminfE sup \S m X(s) - S m X(t)\ ^ if V<S fe . 

,,teT — s,tET f£ 

It ends the proof of the theorem. 
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7 The case of rf(0) < oo 



We assume that rj'(0) < oo. Let us remind that there exists m ^ such 
that r m > and r m+1 = 0. We have defined S m as the infimum over all 
c > such that 

X(B(0,e)) e , , f Tm V~He) n , , r n e , , 

e v cA( J B(0,e)) ; 7 r"e ^ctt 1 ^) 

and iSfc = 0, for k > m. 

Proof of Theorem 2 in the case of r/(0) < oo. We follow the proof of 
Theorem [5] in the case of f]'(0) = oo. The only difference is when S m = oo. 
For all < 5 ^ r m /2 we denote by <S m (5) numbers such that 

X(B(0, e)) e f r - rrHey r n e 



e S^X(B(0,e)) J s r"e ^ S^-\eY 



Since S m = oo we have lim^oo <S TO (5) = oo. The proof of the left-hand side 
of (jHl) in Theorem [5] implies <S TO (5) ^ 3(n + 2)S(T, d, ip). Hence S(T,d,(p) = 
oo. It ends the proof. 

■ 
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